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Rhombohedral multilayer graphene is a physical realization of the chiral two-dimensional electron
gas that can host zero-line modes (ZLMs), also known as kink states, when the local gap opened by
inversion symmetry breaking potential changes sign in real space. Here we study how the variations
in the local stacking coordination of multilayer graphene affects the formation of the ZLMs. Our
analysis indicates that the valley Hall effect develops whenever an interlayer potential difference is
able to open up a band gap in stacking faulted multilayer graphene, and that ZLMs can appear at the
domain walls separating two distinct regions with imperfect rhombohedral stacking configurations.
Based on a tight-binding formulation with distant hopping terms between carbon atoms, we first
show that topologically distinct domains characterized by the valley Chern number are separated
by a metallic region connecting AA and AA′ stacking line in the layer translation vector space.
We find that gapless states appear at the interface between the two stacking faulted domains with
different layer translation or with opposite perpendicular electric field if their valley Chern numbers
are different.
I. INTRODUCTION
Rhombohedral graphene multilayers may host one-
dimensional metallic states at the domain wall between
two broken inversion symmetry insulating regions with
opposite mass signs either due to reversal of sign of the
perpendicular electric field [1–5] or reversal of stacking
order [4, 6–8]. As a rule of thumb, at the interface
between two domains made by N -layer rhombohedral
graphene, the co-propagating N gapless metallic states
appear in each valley inside the bulk gap along the in-
terface [2, 9, 10], whose origin can be traced back to
the valley Hall effect [2–4, 7, 8] associated with oppo-
site Hall conductivities at each valley [11]. Theoretically
it was predicted that the zero-line modes (ZLMs), also
known as kink states [2, 7, 12], will have exceptional
transport properties such as suppressed backscattering,
zero bend resistance, and chirality encoded current fil-
tering [13, 14], and have been proposed as splitters of
Cooper pairs injected by superconducting electrodes [15].
There has been recently a number of experimental ad-
vancements related to the ZLMs in bilayer graphene.
The enhanced electron density signals at tilted bound-
aries due to stacking faults in bilayer graphene were vi-
sualized through transmission electron microscopy mea-
surements [16], confirming the theoretical expectations
of finding stacking-dependent ZLMs at the stacking do-
main walls [7]. Recently a direct observation of the ZLMs
at AB/BA tilted boundaries in bilayer graphene through
infrared nanoscopy and subsequent measurement of bal-
listic transport has been reported [17]. Similar ZLMs
have also been tailored in devices with electric field do-
main walls by applying bias potentials of opposite sign
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at different domains laying the first stepping stone to-
wards the systematic realization of ZLM devices based
on bilayer graphene [18]. While experimental studies of
ZLM physics are still in their infancy, new advancements
in the study of ZLMs in graphene are expected to follow
in the near future.
In this article we investigate theoretically how the local
deviations of the stacking order from perfect rhombohe-
dral stacking can impact the band gap and valley Hall
conductivities that underlie the formation of the ZLMs
in AB bilayer and ABC trilayer graphene based devices.
This is a practically relevant question in view of the rel-
atively small layer sliding energy barrier on the order
of 4 meV in bilayer graphene systems existing between
the two lowest energy stacking AB and BA configura-
tions [16, 19], making it feasible to form sizable regions
of misaligned stacking order due to the presence of local
defects, strain fields, and twist angles. While the condi-
tions of band gap opening for commensurate bilayer ge-
ometries of arbitrary stacking had been discussed in Ref.
20, their influence in the formation of the ZLMs remains
unexplored. Here we show that the opening of a gap in
stacking faulted multilayer graphene is a sufficient condi-
tion for developing a finite valley Hall conductivity that
is presupposed in the formation of the ZLMs. This find-
ing enables us to identify the local stacking configuration
phase space that defines the topologically distinct do-
mains necessary for the emergence of the metallic gapless
states at their interface walls, confirming the intuitive ex-
pectation that the metallic states can also emerge at the
interface between the two domains with layer-translated
stacking structures if they are insulating and topologi-
cally distinct.
The article is structured as follows. We begin in
Sec. II by presenting the model and theoretical back-
ground, discussing the tight-binding Hamiltonian for
layer-translated stacking configurations. We then discuss
in Sec. III the conditions for the appearance of the ZLMs
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2at the domain walls in the presence of stacking faults. In
Sec. IV we provide a more detailed analysis of the gap
size, the critical electric fields required for opening a band
gap, and the influence of the domain wall sharpness and
field strength on the spreading width of ZLMs.
II. MODEL
Fig. 1. (a) Bottom (red) and top (green) layers and the trans-
lation vector δ represented with a black arrow. (b) Represen-
tation of the different commensurate stacking configurations
that can be reached by in-plane translation. The three sets
of red and green hexagon pairs represent the BA, AA′, and
AB stacking of bilayer graphene achieved by sliding from AA
stacked configuration into different directions.
In order to consider the effects of finite translation in
multilayer graphene band structure we begin by the sim-
plest example of bilayer graphene where the position of
the top layer with respect to the bottom layer is repre-
sented by a translation vector δ, as shown in Fig. 1(a).
If we set δ = (0, 0) for the AA stacking structure, then
δ = (±
√
3
6 ,
1
2 )a correspond to the AB and BA stacking
structures, respectively, while δ = (0, 12 )a corresponds
to AA′ stacking structure [20], where a = 2.46 Å is the
lattice constant. Due to the periodic structure of bi-
layer graphene, the layer translation vector space can
be divided into triangular irreducible zones, as shown
in Fig. 1(b) with several representative stacking struc-
tures. Similarly, we can easily generalize from the bilayer
graphene to multilayer cases. For multilayer graphene,
we assume for simplicity that each layer is translated
along the same direction and the relative translations be-
tween the adjacent layers are the same.
The electronic band structure of multilayer graphene
nanoribbon (MGNR) geometries with one-dimensional
band dispersions offers a convenient platform for repre-
senting the dispersion of the ZLMs. To describe band
structures of the layer translated MGNRs, we use a
tight-binding method taking into account remote hop-
ping terms up to the 15 nearest-neighbor unit cells to
fully account for contributions from all arbitrarily dis-
placed atoms and at the same time to evolve the Hamil-
tonian smoothly with the layer translation.
The Hamiltonian in the second-quantized form reads
H =
N∑
l=1
H
(0)
l +
∑
〈l,l′〉
Vll′ , (1)
H
(0)
l =
∑
i
Ul,ic
†
l,icl,i +
∑
〈i,j〉
tl(ri − rj)c†l,icl,j ,
Vll′ =
∑
i,j
tll′(ri − rj)c†l,icl′,j
where c†l,i (cl,i) corresponds to the creation (annihilation)
operator for an electron on the i-th site in the l-th layer.
The first term H(0)l represents the single-layer graphene
Hamiltonian for the l-th layer with on-site potential en-
ergy Ul,i and intralayer hopping tl for each l-th layer. The
second term Vll′ describes the interlayer coupling between
the l-th layer and l′-th layer with interlayer tunneling tll′ .
Note that the index i represents only the site of each atom
since spin does not play any role in our demonstration.
As an approximation we consider the interlayer hopping
terms only between adjacent layers. To fully account for
contribution between arbitrarily displaced atoms, we in-
clude remote hopping terms beyond the nearest-neighbor
approximation with the exponentially decaying form with
distance,
tll′ (d) = V
0
pppie
− d−a0r0 sin2 θ + V 0ppσe
− d−d0r0 cos2 θ (2)
where V 0pppi ≈ −2.7 eV and V 0ppσ ≈ 0.48 eV represent
the nearest-neighbor intralayer and interlayer hopping
terms at the distance a0 and d0, respectively, where
a0 = a/
√
3 ≈ 1.42 Å is the in-plane carbon-carbon dis-
tance and d0 = 3.35 Å is the interlayer separation. Here
d is a displacement vector between two carbon atoms
and θ is the angle between the z axis and d. Following
Ref. 21, we take r0 = 0.453 Å.
The valley Chern number associated with each gapped
Dirac cone, defined as the Chern number for a single val-
ley, allows us to count the number of expected ZLMs in
the presence of a domain wall. For example, for rhombo-
hedral stacked N -layer graphene, the valley Chern num-
ber can be easily estimated from the low energy effective
theory given by
H =
( −U2 −γ(τzpix − iµpiy)N
−γ(τzpix + iµpiy)N U2
)
, (3)
where (pix, piy) = h¯vFγ (kx, ky) with
h¯vF
a = −
√
3
2 V
0
pppi and
γ = V 0ppσ[22, 23]. The corresponding valley Chern num-
ber is given by C = N2 τzµ sgn(U), where τz = ±1 is the
valley index and µ = ±1 represents the direction of rhom-
bohedral stacking. [For example, in bilayer graphene
µ = ±1 corresponds to AB (BA) stacking.] Note that
the valley Chern number is proportional to the valley in-
dex τz and the sign of U , and its sign is flipped if we
reverse the stacking sequence. Thus the valley Chern
numbers change ±N across the interface between two
3domains with opposite µ or U . Although the validity of
this effective model is limited to low energies near the
Fermi energy, it is useful for illustrating the topological
nature of the valley Chern number in rhombohedral N -
layer graphene that should lead to N gapless metallic
states in each valley in the presence of domain walls with
opposite stacking order or perpendicular electric field di-
rection.
Fig. 2. Chern number phase space map at the K valley of
bilayer graphene under the finite potential difference U = 0.5
eV between layers. The valley Chern numbers are obtained by
integrating the Berry curvature around a valley of the gapped
four-band low energy effective Hamiltonian of stacking faulted
bilayer graphene in Eq. (A1) and have opposite sign in the
opposite valley. Note that because of the topological nature
of the valley Chern numbers, the same values can be obtained
if we use the lattice model in Eq. (1). The region with oblique
lines represents stackings in metallic phase under the applied
potential difference in which the valley Chern number cannot
be defined. The hexagonal stacking map is rotated by 30◦ for
representation convenience.
When we introduce an in-plane translation in a gapped
phase we expect that the valley Chern number, which
characterizes the topological property of the band struc-
ture in the continuum limit around a valley, will re-
main unchanged until the energy bands near the Fermi
level touch each other. Our explicit calculation of the
Chern number through integration of the Berry curva-
ture around each valley confirms that indeed this is the
case, as we illustrate in the Chern number phase space
map in Fig. 2 for which we use a constant interlayer po-
tential difference U = 0.5 eV. The distinct insulating re-
gions represented in Fig. 2 in red (blue) with the valley
Chern numbers +1 (−1) at the K valley have dominantly
AB (BA) stacking and are divided by the line connecting
the AA and AA′ stacking configurations. The system
remains invariably metallic at this division line even if
the phase map changes depending on the magnitude of
U . We will show that the ZLMs appear even in stack-
ing faulted systems whenever there are two insulating
domains with opposite Chern numbers, resulting either
from opposing stacking regions (AB/BA-like) or electric
field directions.
III. ZERO-LINE MODES BETWEEN
STACKING FAULTED DOMAINS
We study the impact of the stacking faults in the
ZLMs by analyzing their real-space probability distribu-
tion and the energy band structure. The first case to
consider is the layer stacking domain wall (LSDW) [4]
in a bilayer graphene nanoribbon (2GNR) under the in-
fluence of a constant interlayer potential difference. Fig-
ure 3 schematically illustrates a 2GNR with a LSDW
constructed by sliding the carbon atoms continuously as
δ(x) =

δ1 (x < 0, domain 1)
δ1 +
δ2−δ1
W x (0 ≤ x ≤W, domain wall)
δ2 (x > W, domain 2)
(4)
where δ1 and δ2 are layer translation vectors in domains
1 and 2, respectively and x is distance from the starting
point of the domain wall. The domain wall sizeW is cho-
sen to be about 10 nm to meet the observed domain wall
length [17, 24, 25], and the size of each domain is set as
136 nm in our calculation. A different choice of displace-
ment vector field δ(x), for example, a tanhx variation
along the displacement direction, does not change the
result qualitatively. The effect of the domain wall size
will be discussed later.
Fig. 3. (a) Illustration for a zigzag terminated 2GNR-LSDW
with the domain wall size W . The carbon atoms in the top
layer are depicted in red and those in the bottom layer are
depicted in black. The inset indicates an irreducible zone.
The blue arrow in the inset is the trace of the head of dis-
placement vector field from the left domain to the right do-
main. Note that AA′-like stacking appears transiently in the
middle of domain wall. (b) Schematic illustration of valley-
polarized ZLMs between zigzag terminated domains with the
valley Chern number C = N
2
in one domain and C = −N
2
in
the other domain at the valley K. For armchair terminated
nanoribbons, edge states localized on outer edges do not ap-
pear.
4Fig. 4. Band structures of various 2GNR-LSDW and corresponding probability distributions for ZLMs. (a) and (b) The band
structure and probability distribution for the zigzag terminated 2GNR-LSDW with AB-BA, respectively whereas (e) and (f) are
for the zigzag terminated 2GNR-LSDW with two arbitrarily stacked domains. (c) and (d) The band structure and probability
distribution for the armchair terminated 2GNR-LSDW with AB-BA, respectively, whereas (g) and (h) are for the armchair
terminated 2GNR_LSDW with two arbitrarily stacked domains. Insets in (a) and (e) indicate domains of 2GNR-LSDW and
transient atomic configuration in the domain wall. Colored solid lines in the band structures are ZLMs and dashed lines are
edge states localized on outer edges of the nanoribbon. The modes 3 and 4 are the time reversal counter parts of the modes 2
and 1, respectively. Here, azig = a and aarm =
√
3a are the lattice constants of zigzag and armchair nanoribbons, respectively,
T (B) stands for the top (bottom) layer, and we use the interlayer potential difference U = 0.5 eV.
The 2GNR in Fig. 3 has a finite width along the hori-
zontal axis and extends infinitely along the vertical direc-
tion, which allows us to use periodic boundary condition
with a well-defined crystal momentum k. In the middle
of the ribbon, there is a domain wall of width W where
the stacking structure changes smoothly from BA to AB
stacking. The arrow in the inset is the trace of the head of
displacement vector field showing how stacking changes
across the domain wall from the left to right domains.
When we carry out explicit tight-binding calculations
in the ribbon geometries, we can observe that the ZLMs
are indeed present even when the stacking configurations
at the domains have an in-plane shift. In Fig. 4 we
show the band structures of 2GNRs with LSDW and the
corresponding probability distribution for states slightly
above the Fermi level for zigzag and armchair edge align-
ments. The left two panels are for LSDW with AB and
BA stacked domains at the two sides whereas the right
two panels are for LSDW with two domains which have
layer-translated stacking arrangements whose translation
vectors are separated by the AA-AA′ line, as seen in the
insets of Figs. 4(a) and 4(e), respectively. First consider
the AB-BA nanoribbon with the zigzag arrangement in
Figs. 4(a) and 4(b). The dashed lines in Fig. 4(a) repre-
sent the edge state energy bands whose zero-energy states
are localized mainly on the outer edges [2, 26–28].The red
and blue solid lines represent the energy bands whose
zero-energy states are localized around the domain wall,
as seen by the size of black filled circles in Fig. 4(b).
(Here we omitted the edge states in the probability dis-
Fig. 5. Schematic for layer translation in trilayer graphene.
δij represents the displacement of atoms in the i-th layer rel-
ative to atoms in the j-th layer. (a) In the ABC-ACB type
domain wall, the top layer is stretched twice than the middle
layer. That is, δ31 = 2δ21. (b) For ABC-CBA type, the top
layer is stretched while the bottom layer is contracted relative
to the middle layer. Here, δ32 = −δ12. The arrows represent
the direction of the displacement of atoms in each layer from
their locations in the left domain.
tributions because we focus on the ZLMs.) Note that
there are two dispersive ZLMs per valley, which can be
estimated by the valley Chern number difference between
the two sides, as shown in previous works [2, 4, 7, 17]. Im-
portantly, these ZLMs still appear when the domains of
5Fig. 6. Band structures of various MGNR-LSDW and corresponding probability distributions for ZLMs. (a) The band structure
for ABC-ACB type 3GNR-LSDW, (c) is for ABC-CBA type 3GNR-LSDW, (e) is for 3GNR-LSDW with two layer translated
domains with the atom displacement chosen to be ABC-CBA type, and (g) is for the 4GNR-LSDW where the domain type
is the extended version of ABC-ACB type. (b), (d), (f), and (h) The probability distributions of ZLMs in the corresponding
band structures, respectively. Here we only present modes in one valley and omit modes in other valley, which are related with
time-reversal symmetry. Interface bound modes crossing the zero-energy are labeled as IB in (c), (e) and (g). M represents
the middle layer of trilayer graphene, whereas MT and MB represent the middle-top layer and the middle-bottom layer in
tetralayer graphene. Here, azig = a is the lattice constants of zigzag and armchair nanoribbons, respectively, and we use the
interlayer potential difference U = 0.5 eV between the top and bottom layers.
2GNR are not in Bernal stacking as seen in Figs. 4(e) and
4(f). Note that the probability distribution of the modes
3 and 4 are identical to the modes 2 and 1, respectively,
due to time-reversal symmetry. A similar conclusion can
be reached to armchair nanoribbons as seen in Figs. 4(c),
4(d), 4(g), and 4(h), in which edge states are absent. For
the armchair nanoribbons, however, the K and K’ val-
leys overlap in momentum space and the ZLMs anticross
leaving a small gap due to the mixing of the two valleys.
Our calculations support the fact that the presence of
ZLMs are mainly defined by the difference in the valley
Chern numbers between the left and right domains in the
nanoribbon geometry studied.
For multilayers beyond bilayer graphene such as a tri-
layer, the analysis becomes more complicated due to the
diverse options for choosing a fixed layer when creating a
LSDW. For example, for trilayer graphene nanoribbons
(3GNRs), we can either fix the bottom layer while mov-
ing the middle and top layers in the same direction or fix
the middle layer while moving the top and bottom layers
in the opposite direction. (As assumed in Sec. II, we will
not consider the case with staggered layer translation.)
We distinguish these two options by naming ABC-ACB
and ABC-CBA, respectively, as seen in Fig. 5. Here δij
represents the displacements of atoms in the i-th layer
relative to the atoms in the j-th layer. For the ABC-
ACB type LSDW, atoms in each layer are displaced in
accordance with δ31 = 2 δ21, while the relation between
two displacement vector fields is δ32 = −δ12 for the ABC-
CBA type LSDW. We further assume that for simplicity
the interlayer potential difference is the same along the
layers.
Figure 6 shows electronic band structures of 3GNRs
and 4GNRs with LSDW and their probability distribu-
tions for ZLMs. Similarly to 2GNRs with LSDW, the
ZLMs appear not only in ABC-ACB or ABC-CBA type
translation but also in the deviated translations as long
as the translations in the two domains remain in the op-
posite sides separated by AAA-AA′A line in layer trans-
lation vector space. (For the band structure of AAA
and AA′A, see Appendix B.) Both zigzag and armchair
arrangements show results similar to those for 2GNR-
LSDW. Note that the purple lines in Figs. 6(c) and 6(e)
are the interface bound modes [3, 13, 29]. These inter-
face bound modes also have probability distributions lo-
calized around the domain wall. However, their energy-
momentum dispersion depends more strongly on the ge-
ometry of the interface and electric field profile than the
energy-momentum dispersion of ZLMs does [13]. More-
over, they fade away into the bulk energy levels when a
sufficiently large electric field is applied while the ZLMs
survive robustly maintaining its gapless dispersion.
The conclusions that we can draw from our calcula-
tions of the LSDW configurations apply equally for ZLMs
that occur in the domain wall between domains where
anti-parallel electric fields are applied. Reversing the di-
6Fig. 7. Band structures of various MGNR-EFDW and cor-
responding probability distributions for ZLMs. (a) and (b)
2GNR-EFDW, (c) and (d) 3GNR-EFDW, and (e) and (f)
4GNR-EFDW, respectively. Owing to time-reversal symme-
try, we only present modes in one valley and omit modes in
other valley. Here, azig = a is the lattice constants of zigzag
and armchair nanoribbons, respectively, and we use the in-
terlayer potential difference U = 0.5 eV between the top and
bottom layers.
rection of perpendicular electric fields changes the sign
of the valley Chern number, which can be seen in the
effective model in Eq. (3). Therefore, like MGNRs with
LSDW, there would be metallic states at the interface be-
tween two domains which have the same stacking struc-
ture but opposite field directions. We call this type of
domain wall electric field domain wall (EFDW). Simi-
larly as LSDW, we construct the EFDW by changing the
potential configuration linearly across the domain wall as
U(x) =

U
2 (x < 0, domain 1),
U
2 − UW x (0 ≤ x ≤W, domain wall),
−U2 (x > W, domain 2),
(5)
with the domain wall size W . Here we choose the sharp
domain wall withW = a0 with abrupt change of the field
direction to minimize the number of unwanted interface
bound modes [29]. The effect of the domain wall size on
ZLMs will be discussed in Sec. IV.
For Bernal-stacked 2GNRs with EFDW, the proper-
ties of the metallic states have been studied previously
in several papers [1, 2, 4]. Here we consider a more
generalized setup consisting of stacking faulted domains
due to in-plane layer translation rather than a perfect
rhombohedral stacking, as shown in Fig. 7 for various
MGNRs. In agreement with prior calculations, we can
observe that the number of metallic states in each valley
is always equal to the number of layer N , as expected
from Eq. (3) for the effective model which describes a
chiral two-dimensional electron gas with chirality index
N .
IV. BAND GAP OPENING IN STACKING
FAULTED DOMAINS AND WIDTH OF THE
ZERO-LINE MODES
For practical application of ZLMs in valleytronics de-
vices, it is required to estimate the proper electric field
strength and size of domain wall for the observation of
ZLMs. In this section, we present numerical results for
the electric field strength required to open an energy gap
in stacking faulted domains and the domain wall size de-
pendence of the ZLM widths. The band gap opening that
accompanies the application of a perpendicular electric
field in rhombohedral graphene is a necessary condition
to create the gapped domains flanking the ZLMs. It was
shown that the ability of a perpendicular electric field
to open up a band gap in bilayer graphene will persist
for small departures from the ideal Bernal stacking [20].
This is true provided that the applied electric field is
large enough to overcome the band asymmetries intro-
duced around the K points due to the stacking fault.
Here we present a more detailed account on the relation-
ship between the required critical perpendicular electric
field for the onset of a band gap in the presence of a
stacking fault. Figure 8 shows a typical example of the
onset of band gap opening in layer translated multilayer
graphene where each band structure represents gradu-
ally increasing interlayer potential differences. When the
effective potential between the layers is zero, this layer-
translated bilayer graphene has a metallic band structure
with valley degenerate electron and hole pockets in the
Brillouin zone. When the interlayer potential difference
is increased, the bands containing electron (hole) pockets
are raised (lowered) in energy accordingly. When the ef-
fective potential reaches a critical value Uc, the electron
and hole pockets disappear completely and the bilayer
graphene becomes an insulator from this point onwards.
It is experimentally important to know the critical elec-
tric field required for opening a gap in order to trigger
an insulating phase. Figure 9(a) shows the critical exter-
nal electric field strength for layer-translated bulk bilayer
graphene obtained from a self-consistent Hartree method
[30] using a tight-binding model of Eq. (1). We obtained
an analytic expression in Eq. (A5) for the critical field
required for opening a band gap in bilayer graphene by
solving the roots of the fourth order polynomial equa-
tion of the four-band effective Hamiltonian. Along the
AA-AA′ stacking line the critical field becomes infinite
7Fig. 8. Illustration for gap opening of bilayer graphene in
layer-translated stacking. Figures from the second panel are
the band structures around the K valley with increasing in-
terlayer potential difference for the stacking with (δx, δy) =
(−0.12, 0.30)a as represented in the first panel. Electronic
states above (below) the Fermi energy are colored in red
(blue).
indicating that any stacking along the AA-AA′ line re-
mains always metallic. Note that the topologically dis-
tinct domains characterized by the valley Chern numbers
are separated by this AA and AA′ line, as seen in Fig. 4.
The magnitude of the achievable gap depends on the
particular stacking configuration. In Figs. 9(b)∼(d) we
show the band gaps that develop under an external elec-
tric field of 0.5 V/A˚ as a function of layer translation,
in which we clearly see a decrease in the gap size as
we move closer to the AA-AA′ line for bilayer graphene
(AAA-AA′A line for trilayer graphene, AAAA-AA′AA′
line for tetralayer graphene). As discussed earlier, this
gap decrease has its origin in the band structure of the
layer-translated multilayer graphene. By means of a self-
consistent Hartree screening calculation, we verified that
the effective potential difference between layers under
electric fields is almost independent of stacking config-
uration in bilayer graphene. For example, the potential
difference U between layers in bilayer graphene under
electric fields of 0.5 V/Å turns out to be about 0.63 eV
for all layer translated stackings. This result partially
justifies the validity of our assumption of constant effec-
tive interlayer potentials in our calculation for MGNR-
LSDW, though the stacking dependence of the interlayer
potentials becomes more important as the number of lay-
ers increases.
In order to provide a practical guidance for experi-
ments aiming to probe ZLM local density of states, we
analyzed the influence of the domain wall size W and
the magnitude of the potential difference U on the width
of ZLM ∆x defined as the distance that contains 90%
of probability distribution centered inside the domain
wall. In Figs. 10(a) and 10(b), the ZLM width ∆x ver-
sus the domain wall widthW is illustrated for LSDW and
EFDW, respectively, for the potential difference U = 0.25
eV and U = 0.5 eV. We find that even in the sharp do-
main wall (W =
√
3a) the ZLMs have a finite size, and
the size increases relatively weakly as the domain wall
width increases. Figures 10(c) and 10(d) show the po-
tential strength dependence of the ZLM size for LSDW
and EFDW, respectively, with W =
√
3a and W = a0.
Fig. 9. (a) Minimum external electric field required to make a
layer-translated bilayer graphene insulator is mapped on the
irreducible zone of the layer translation vector space. (b),
(c) and (d) are the energy gap map for bilayer, trilayer and
tetralayer graphene with layer-translated stacking under the
external electric field strength 0.5V/Å. All the results were
obtained using a tight-binding model self-consistent Hartree
calculation.
Fig. 10. (a) and (b): Size of ZLM ∆x as a function of domain
wall width W for (a) LSDW and (b) EFDW for U = 0.25 eV
(red solid lines) and U = 0.5 eV (blue dashed lines). Triangles
and circles represent two ZLMs 1 and 2, respectively, in Figs. 4
and 7. (c) and (d): Size of ZLM ∆x as a function of potential
strength U for (c) LSDW and (d) EFDW for sharp domain
wall with W =
√
3a for LSDW and W = a0 for EFDW,
respectively.
In general, the width of ZLMs ∆x decreases rapidly as
the potential difference U increases for both LSDW and
EFDW.
V. SUMMARY AND CONCLUSION
In this work we have studied the zero-line modes
(ZLMs) in multilayer graphene nanoribbon geometries in
the presence of domains whose interlayer stacking de-
viates from perfect chiral stacking, namely the Bernal
alignment for bilayer and rhombohedral stacking for mul-
tilayers, providing a systematic and comprehensive pic-
8ture on the existence of ZLMs in arbitrarily displaced
multilayer graphene. The analysis carried out in this
work expands the validity of the analysis of the ZLMs
based on the valley Hall conductivity of the insulating
domains for chirally stacked multilayer graphene and con-
firms the possibility of realizing the ZLMs in actual ex-
perimental devices where stacking faults may be present
either due to unwanted disorder effects or artificial strain
fields. We have discussed the conditions of stacking or-
der in the bulk and external perpendicular electric fields
required for opening the band gap in the bulk necessary
to generate the ZLMs in the system. We can conclude
that stacking faulted domains that deviate from perfect
rhombohedral stacking can also host ZLMs provided that
sufficiently large perpendicular electric fields can be ap-
plied to open up a band gap in the bulk. The valley
Chern number signs for the bulk are defined by stack-
ing configurations that can be classified as AB-like and
BA-like regions and are divided by the AA-AA′ stacking
lines. We found that a larger electric field is required
to open up a band gap when the perfect chiral stacking
is modified through in-plane sliding. This critical field
has been obtained both analytically and numerically for
a variety of stacking configurations. The explicit calcula-
tions of the ZLM probability distribution for both layer
stacking and electric field domain walls with zigzag and
armchair edge alignments provide information that can
be useful when designing junctions made of intersecting
ZLMs whose current partitioning properties are expected
to depend on the overlap between the incoming and out-
going modes [14, 31]. Our work also provides insight for
understanding the ZLMs that can be expected in layer
misaligned systems such as twisted bilayer graphene and
multilayers with tilted boundaries where spatially vary-
ing local stacking configurations are present.
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Appendix A: Critical potential difference in
layer-translated bilayer graphene
The Hamiltonian for bilayer graphene with arbitrary
layer translation in a continuum model can be written
as[21]
H =

U
2 pi
∗ u (δ) w (δ)
pi U2 v (δ) u (δ)
u∗ (δ) v∗ (δ) −U2 pi∗
w∗ (δ) u∗ (δ) pi −U2
 , (A1)
where pi = h¯v(kx+ iky) and interlayer hopping terms are
given by
u (δ) =u
A1A2
(δ) = u
B1B2
(δ)
=
γ
3
[
1 + 2 cos
(
2piδx
3a0
)
e
2piiξδy√
3a0
]
, (A2)
v (δ) =u
A2B1
(δ)
=
γ
3
[
1 + 2 cos
(
2pi
3
(
δx
a0
+ 1
))
e
2piiξδy√
3a0
]
, (A3)
w (δ) =u
B2A1
(δ)
=
γ
3
[
1 + 2 cos
(
2pi
3
(
δx
a0
− 1
))
e
2piiξδy√
3a0
]
, (A4)
where ξ = ±1 for K, K′ valleys and δ = (δx, δy) is the
layer translation vector defined in Fig. 1 with δ = 0 for
AA stacking. The above expression for interlayer hop-
ping terms is obtained through Fourier transformation
at the corner of the first Brillouin zone[21] and resembles
the stacking-dependent interlayer interaction in bilayer
graphene given in Ref. 19. Then the required effective
potential to open energy gap can be obtained as
Uc
2
=
√(
|u|2 + |vw|2
)2
− |u2 − vw|2
||v| − |w|| . (A5)
Note that stackings along AA-AA′ line corresponding
to |v| = |w| require an infinite potential difference for
gap opening. This means that bilayer graphene in theses
stackings can not be insulators by applying a perpendic-
ular electric field within the continuum model approxi-
mation. However, when two Dirac cones at the K and K’
valleys are directed toward the M point and meet each
other, it is possible that stacking along AA-AA’ line can
be gapped even at a large but finite potential energy dif-
ference.
Appendix B: Energy dispersions in various
layer-translated multilayer graphene
In this appendix, we illustrate various atomic struc-
tures and corresponding energy dispersions for the layer-
translated multilayer graphene configurations labeled as
AA, AA′, AAA, AAAA, AA′A and AA′AA′ and dis-
cussed in the main text.
9Fig. 11. Several atomic structures and corresponding energy dispersions for (a) AA, (b) AA′, (c) AAA, (d) AA′A, (e) AAAA
and (f) AA′AA′ stackings.
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